arXiv:math/05125 lOvl [math.PR] 21 Dec 2005 


ON THE GENERAL FORM OF QUANTUM STOCHASTIC 
EVOLUTION EQUATION. 


V. P. BELAVKIN. 


Abstract. A characterisation of the quantum stochastic bounded generators 
of irreversible quantum state evolutions is given. This suggests the general 
form of quantum stochastic evolution equation with respect to the Poisson 
(jumps), Wiener (diffusion) or general Quantum Noise. The corresponding 
irreversible Heisenberg evolution in terms of stochastic completely positive 
(CP) cocycles is also characterized and the general form of the stochastic 
completely dissipative (CD) operator equation is discovered. 


1. Quantum Stochastic Filtering Equations 


The quantum filtering theory, which was outlined in PI2] and developed then 
since [ 3 ] , provides the derivations for new types of irreversible stochastic equations 
for quantum states, giving the dynamical solution for the well-known quantum mea¬ 
surement problem. Some particular types of such equations have been considered 
recently in the phenomenological theories of quantum permanent reduction mE], 
continuous measurement collapse innzi, spontaneous jumps IHIEI, diffusions and 
localizations [Hill]. The main feature of such dynamics is that the reduced irre¬ 
versible evolution can be described in terms of a linear dissipative stochastic wave 
equation, the solution to which is normalized only in the mean square sense. 

The simplest dynamics of this kind is described by the continuous filtering wave 
propagators Vj (w), defined on the space O of all Brownian trajectories as an adapted 
operator-valued stochastic process in the system Hilbert space satisfying the 
stochastic diffusion equation 


( 1 . 1 ) 


dU + KVtdt = LVtdQ, Vo=I 


in the Ito sense, which was derived from a unitary evolution in US! Here Q 
is the standard Wiener process, which is described by the independent increments 
dQ (t) = Q{t + dt) — Q (t), having the zero mean values (dQ) = 0 and the multi¬ 
plication property (dQ)^ = dt, K is an accretive operator, K + > L^L, and L 

is a linear operator T) ^ Ti. Using the Ito formula 



( 1 . 2 ) 
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and averaging (■) over the trajectories of Q, one obtains diy^Vt) < 0 as a conse¬ 
quence of L^L < K + . Note that the process Vt is necessarily unitary if the 

filtering condition + K = L^L holds, and if = —L in the bounded case. 

Another type of the filtering wave propagator Vt (w) : iIjq £ H tpt ^ is 

given by the stochastic jump equation 

(1.3) dV) + KVtdt = LVtdP, 1^0 = I, 

derived in m by the conditioning with respect to the spontaneous stationary re¬ 
ductions at the random time instants lu = {ti,t 2 ,...}. Here L = J — I is the jump 
operator, corresponding to the stationary discontinuous evolutions J •. ipt^ 'ipt+ 
t G oj, and P is the standard Poisson process, counting the number \uj n [0,t)| 
compensated by its mean value t. It is described as the process with independent 
increments dP (t) = P (t -1- dt) — P (t), having the values {0,1} at dt 0, with zero 
mean (dP) = 0, and the multiplication property (dP)^ = dP -I- dt. Using the Ito 
formula (ll.2|l with dVj^dVt = Vt LVt{dP+dt), one can obtain 

d (VtVt) = Vt^ {L^L - a: - Aft) Vtdt + (At -t L -t A^A) VdP. 

Averaging (•) over the trajectories of P, one can easily find that d{VfVt) < 0 under 
the sub-filtering condition A^A < K+K^ ■ Such evolution is unitary if A^A = K+K^ 
and if the jumps are isometric, J^J = I. 

This proves in both cases that the stochastic wave function (lo) = Vt (oj) ipQ 
is not normalized for each oj, but it is normalized in the mean square sense to the 
probability (||'0t|p) < HV'olP = 1 quantum system not to be demolished 

during its observation up to the time t. If (||^/’t|P) = 1, then the positive stochastic 
function (uj) |p is the probability density of a diffusive Q or counting P output 
process up to the given t with respect to the standard Wiener Q or Poisson P input 
processes. 

Using the Ito formula for (p^ (B) = V^BVt, one can obtain the stochastic equa¬ 
tions 

(1.4) d(pt (A) -t (pt (AT^A + BK- L^BL) dt = (pt (A^A -H BL) dQ, 

(1.5) dcPt (A) -h (pt (AT^A + BK- L^BL) dt = (Pt {j'^BJ - A) dP, 

describing the stochastic evolution 1) = cp^ (A) of a bounded system operator 
A G A (A) as Yt{uj) = Vt (uj)^ BVt (uj) . The maps cpt '■ B ^ Yt are Hermitian 
in the sense that Y^ = Yt if A^ = A, but in contrast to the usual Hamiltonian 
dynamics, are not multiplicative in general, (pt (A'I'C) yt (p^ (B)'^ (p^ (U), even if they 
are not averaged with respect to uj. Moreover, they are usually not normalized, 
Mt{uj) := (pt{uJ,I) yt J, although the stochastic positive operators Mt = U/Vt 
under the filtering condition are usually normalized in the mean, (Mt) = I, and 
satisfy the martingale property et [Mg] = Mt for all s > t, where e* is the condi¬ 
tional expectation with respect to the history of the processes P or Q up to time 
t. 

Although the filtering equations itOll . (tm look very different, they can be 
unified in the form of quantum stochastic equation 

(1.6) dUt -f KVtdt + K-VtdK- = (J - I) VdA + L+VtdA+ 
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where A+ (<) is the creation process, corresponding to the annihilation A_ (t) on the 
interval [0,t), and A (t) is the number of quanta on this interval. These canonical 
quantum stochastic processes, representing the quantum noise with respect to the 
vacuum state |0) of the Fock space over the single-quantum Hilbert space (R+) 
of square-integrable functions of t G [0, oo), are formally given in |14| by the integrals 

A+dr, A (t) = [ A+ALdr, 

Jo 

where AH, A+ are the generalized quantum one-dimensional fields in J-, satisfying 
the canonical commutation relations 

[AH, A+] = ^ (s - r) /, [AH, Al] = 0 = [A+, A+] . 

They can be defined by the independent increments with 

(1.7) (0|dA_|0) = 0, (0|dA+|0) = 0, (0|dA|0) = 0 

and the noncommutative multiplication table 

(1.8) dAdA = dA, dA_dA = dA_, dAdA+=dA+, dA_dA+= dtJ 

with all other products being zero: dAdA_ = dA+dA = dA+dA_ = 0. The 
standard Poisson process P as well as the Wiener process Q can be represented in 
^ by the linear combinations m 

(1.9) P (t) = A (t)-t f (A+(t) - A_ (t)), Q (t) = A+(t)-t A_ (t), 

so the equation 11.611 corresponds to the stochastic diffusion equation II.Ill if J = /, 
L+ = L = —K~, and it corresponds to the stochastic jump equation (tot if 
J = I + L, L+ = iL = K~. The quantum stochastic equation for (j)^ (B) = BVt 
has the following general form 

dcjjt (B) + (j)^ [K'^B + BK - L-BL+) dt = {J^^BJ - B) dA 

(1.10) +(j)t (jtsL+ - K+B) + (j)t {L-BJ - BK-) dA_, 

where L~ = = K~, coinciding with either d or with in the partic¬ 

ular cases. The equation (trrnt is obtained from Ot by using the Ito formula d 
with the multiplication table The sub-filtering condition K + < L L_|_ 

for the equation defines in both cases the positive operator-valued process 

Rt = (pf (/) as a sub-martingale with i?o = I, or a martingale in the case K + AT'I' = 
In the particular case 

J = S, K-=L-S, L+=SK+, S'<S = I, 

corresponding to the Hudson-Evans flow if = S~^, the evolution is isometric, 
and identity preserving, (p^ (J) = / in the case of bounded K and L. 

In the next sections we define a multidimensional analog of the quantum sto¬ 
chastic equation (tTTUIl and will show that the suggested general structure of its 
generator indeed follows just from the property of complete positivity of the map 
p^ for all t > 0 and the normalization condition (/) = Mt to a form-valued sub¬ 
martingale with respect to the natural hltration of the quantum noise in the Fock 
space . 


A_ (t) = / AH dr, A+ (t) = 
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2. The Generators of Quantum Filtering Cocycles. 

The quantum filtering dynamics over an operator algebra S C B (?-f) is described 
by a one parameter cocycles: 4> = {4>t)t>o linear completely positive stochastic 
maps (/)((w) : B ^ B. The cocycle condition 

(2.1) = Vr,s>0 

means the stationarity, with respect to the shift w® = {w (t + s)} of a given sto¬ 
chastic process u = {u {t)}. Such maps are in general unbounded, but normalized, 
(/)((J) = Mt to an operator-valued martingale Mt = et [Mg] > 0 with Mq = 1, or a 
positive submartingale: Mt > et [Ms], for all s > t, . 

Now we give a noncommutative generalization of the quantum stochastic CP 
cocycles, which was suggested in m even for the nonlinear case. The stochas¬ 
tically differentiable family (j) with respect to a quantum stationary process, with 
independent increments A® (f) = A (f -|- s) — A (s) generated by a finite dimensional 
Ito algebra is described by the quantum stochastic equation 

(2.2) d(/.,(T) = </)*oA0(T)dA);:=^</.,(A0(T))dA);, YeB 

with the initial condition (/)q (T) = Y, for all Y G B. Here A)[ (t) with /i £ 
{ —, 1,..., d}, u £ {-|-, 1,..., d} are the standard time Al (t) = tJ, annihilation A™ (t), 
creation A+ (t) and exchange-number A™ (t) = N™ (t) operator integrators with 
m,n G {1,..., d}. The infinitesimal increments dA]^ (t) = (dt) are formally de¬ 
fined by the Hudson-Parthasarathy multiplication table [ini and the b -property [3, 

(2.3) dA()dA:; = d^dA;;, a^ = a, 

where is the usual Kronecker delta restricted to the indices /?£{—,l,...,d}, j G 
{-I-, 1, ..., d} and A)((, = with respect to the reflection —(—) = -f, —(-I-) = — of 
the indices (—, -|-) only. The linear maps A]) : S ^ S for the * -cocycles (j)t = (jjt, 
where ({>1 {Y) = (j)^ (T^)\ should obviously satisfy the b -property A^ = A, where 

A^^ = A0.*j,, AO* (T) = AO If the coefficients &0 = ^0 (h^) ^'^'e independent of 

t, (j) satisfies the cocycle property (j)g o where </>( is the solution to (12.211 

with AO (t) replaced by AO'^ (t). Define the (d -I- 2) x (d -I- 2) matrix a = [aO] also 
for n — + and u = —, by 

AO (T) = 0 = Xt (Y ), VT £ H, 

and then one can extend the summation in (E3 so it is also over fi = +, and v = —. 
By such an extension the multiplication table for dA (a) = oOdA)] can be written 
as 

(2.4) dA (a)f dA (a) = dA 

in terms of the usual matrix product (ba)0 = b^o,^ and the involution a f—> a^ = 
b, b'’ = a can be obtained by the pseudo-Hermitian conjugation 
respectively to the indefinite Minkowski metric tensor g = [gfn,] and its inverse 
g"' = [gn, given by g>^'^ = 5^_J = g^,. 
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Let US prove that the ’’spatial” part 7 = of 7 = A+J, called the quantum 

stochastic germ for the representation S : B must be completely 

stochastically dissipative for a CP cocycle (j) in the following sense. 

Theorem 1. Suppose that the quantum stochastie equation with 4 >q{B) = B 
has a CP solution (p^^t > 0. Then the germ-map 7 = (A^ + is condition¬ 

ally completely positive 

L (Bk) r/fc = 0 ^ [slBi'j T]i) > 0 

k k,l 


Here r/ S and l = is the degenerate representation 

{B) = BS'^St, written both with 7 in the matrix form as 


(2-5) 7 = ( 

where 7 = A^, 7 "’’ = A™, 

that 

( 2 . 6 ) 7 (Bt)=^(B)t, 



Tn '^n 5 

7 " {B^) 


i). 

7;r = c+Ar w^th c {b) = b5': 
= 7„(i3)^ (S)^ 


such 


Proof. Let us denote by V the 7i-span 


(E/ 7o/® 


Gn,f e l 2 ( k +)| 


of coherent (exponential) functions /® (r) = (S^tgr /* ( 0 ; given for each finite sub¬ 
set r = {ti,...,tn} C IR+ by tensor products (r) = (ti).(tAr), 

where f^^n = 1 , ...,d are square-integrable complex functions on R_|_ and = 0 
for almost all /* = (/"). The co-isometric shift Tg intertwining A® (t) with 
A(t) = TsA®(t)Tj' is defined on V by (77 ©/®) (r) = r? ®/® (t-|- s). The 
complete positivity of the quantum stochastic adapted map 4>t mto the X>-forms 
(x| (B) Ip), for X, 7/1 £ can be obviously written as 


(2.7) 


YY{^x\^t {f\x^z,h-)e 


X,Z f,h 


> 0 , 


where 

{g\ P, {r,B, h-) 77 ) = (77 ® /® I p, {B) 77 © h^) e-fr 

for a finite sequence of Bk £ B, and for a finite sequence of /* = (//, ff). 
If the 2A-form p^ [B) satisfies the stochastic equation (I2.2II . the Ti-form p^ (/*, B, h*) 
satisfies the differential equation 

ir,B, h') = r h- (t) p, {r,B, h-) + p, (/*, a ; {b) , h-) 


d d 

+ E /”" (/•, AT (B ), /!•) -b E (*) (/•, a; {B) , h') 

m —1 n=l 

d 

+ Y r(t)*h-{t)p,u\K{B),h-), 

m,n=l 


( 2 . 8 ) 
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where /* (t)^ h* {t) = Era=i /” (^)* (0- The positive definiteness, 12.7II . ensures 

the conditional positivity 


(2.9) 


/ B X,Z fM 


7(/-,XtZ,h-)ez) 


> 0 


of the form 7 ^ (/*, i?, h*) = j {(p^ (/*, B, h*) — B) for each t > 0 and of the limit 79 
at t I 0 , coinciding with the quadratic form 
( 2 . 10 ) 

^—0 m.n m n 


di 


where a* = /* (0), c* = h* (0), and the 7 ’s are defined in 112 .fill . Hence the form 


E E {X^Z) 7^) := E E (^x\ In {X^Z) 

X,Z X,Z m,n 


+ E E (^^1 Tn (X^Z) nl) + E 7™ {X^Z) rjz) + {vx\l {X^ Z) \rj^) 

X,Z \ n m 

with r] = J2f V* = J2f ® 1 where a* = /* (0), is positive if J2b — 0 - 

The components rj and 77 * of these vectors are independent because for any rj G Ti. 
and 77 * = ( 77 ^, there exists such a function a* 1 —> on C‘^ with a 

finite support, that ® a* = 77 *, namely, ^“ = 0 for all a* S 

except a* = 0, for which ■C'* = 77 — En=i a* = e*, the n-th basis element 

in C'^, for which = 77 ". This proves the complete positivity of the matrix form 
7 , with respect to the matrix representation t defined in ( 1 ^ on the ket-vectors 
V = iv^)- I 


3. A Dilation Theorem for the Form-Generator. 

The conditional positivity of the structural map 7 with respect to the degenerate 
representation l written in the matrix form (ITHll obviously implies the positivity of 
the dissipation form 

(3.1) E ^ := E E AO {B,, Bi) 77r}, 

X,Z k,l 

where ri~ = rj = rj'^ and 77 ^ = for any (finite) sequence Bk G B, k = 1,2,..., 
corresponding to non-zero 17 ^ = 77 ^ © 77 ^, 7 ^ £ G H*. Here A = (AfOOZ),)’* 

is the dissipator matrix, 

A (A, Z) = 7 (X^Z) - L (X)^ 7 (^) - 7 (^)^ l{Z)+l (A)t 7 (/) t (Z), 
given by the elements 

(3.2) A™(A,Z) = A™(AtZ)+AtZC, 

AZ(A,Z) = \-{X^Z)-X^X-{Z) = Xl{Z,X)^ 

AZ(A,Z) = A;(A'fz)-AU;(Z)-A;(At)Z + Al'DZ, 

where D = {I)< 0 {D = 0 for the case of the martingale Mt ). This means 

that the matrix-valued map 7* = [7™], is completely positive, and as follows from 
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the next theorem, at least for the algebra B — B {H) the maps 7, 7™, 7„ have the 
following form 

(3.3) 7™(B) = (B) = ^^B) - BKr. 

7 (B) = if{B)-K^B-BK, tp (/) < K + ift 

where 93 = is a completely positive bounded map from B into the matrices 

of operators with the elements tp™ = 7 ™, = tp"*, ip~ = (/?„, B ^ B. 

In order to make the formulation of the dilation theorem as concise as possible, 
we need the notion of the b-representation of the algebra B in the operator algebra 
A{£) of a pseudo-Hilbert space £ = H (BH with respect to the indefinite 
metric 

(3.4) (Cl C) = 2Re (r| t) + lirf + ||C+||^ 

for the triples C = g 5 , where G B, C° £ B.°, Ti° is a 

pre-Hilbert space, and ||r?||^ = {r]\ Drj). The operators A £ A{£) are given by 
3 X 3-block-matrices having the Pseudo-Hermitian adjoints (CI^*’C) = 

(AClC)) which are defined by the Hermitian adjoints A]/ = A^ds A^ = G~^A^G 
respectively to the indefinite metric tensor G = and its inverse G~^ = [G^""], 
given by 


■ 0 

0 

I 


' -D 

0 

/ ■ 

0 1° 

0 

, G-^ = 

0 

r 

-‘■0 

0 

I 

0 

D 


I 

0 

0 


with an arbitrary D, where 1° is the identity operator in Ti.°, being equal /* = 
{Bn]n=lZd in tiie case oi’H° = H (S> C‘^ = H'. 

Theorem 2. The following are equivalent: 

(i) The dissipation form a, defined by the \)-map A with A^_ (/) = D, is 

positive definite: z iVxl ^ Vz) Z 0. 

(ii) There exists a pre-Hilbert space TL°, a unital f- representation j of B in 

B{n°), 

(3.6) j(HtH) =j(H)ij(H), j (/) =/, 
a {j,i)-derivation of B with i (B) = B, 

(3.7) fc(HiH) = j(H)ifc(H)-f/fc(Hi)H, 

having values in the operators TC TL°, the adjoint map k* (B) = k {B^^, 
with the property 

k* (RiR) = B^k* (B) + k* (Ri) j (B) 

of {i, j)-derivation in the operators TC° —*■ TL, and a map I : B ^ B having 
the coboundary property 

(3.8) I (RiR) = bH {B) + I (Hi) B + k* (B^) k (B ), 

with the adjoint I* (B) = I (H) -|- [D, B], sueh that 7 (H) = I (H) - 1 - DB, 

7 „ (Ht)=fc(H)iL°+HtL-= 7 -(H)t, 

and 7 ™ (B) = L^j (H) L° for some operators L’f : hi ^ Ti° having the 
adjoints L°i on TL° and L~ £ B. 
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(iii) There exists a pseudo-Hilbert space, £, a unital \>-representation ] : B A{£), 

and a linear operator L : © Ti* —> £ such that 

(3.9) L^j(B)L = 7 (B), 

(iv) The structural map j = X -\- d is conditionally completely positive with 
respect to the matrix representation l in 1131 ) . 

Proof. The implication (i)^(ii) generalizes the Evans-Lewis Theorem HZl, and its 
proof is similar to the proof of the dilation theorem in m Let Ti.° be the pre-Hilbert 
space of Kolmogorov decomposition A (X, Z) = k (X)^ k (Z). It is defined as the 
quotient space H° = JCfl of the 7i-span 1C = where 77 ^ G Tf © is 

not equal zero only for a finite number oi B G B, with respect to the kernel 

^ ~ \ ^ ^1 ^ iVxl ^ (A, Z) Tjz) = 0 

[ x,z 

of the positive-definite form (13.111 . The operators k (B)^ : TL° ^ HOH' are defined 
on the classes r]° of i'nx)xe 3 C K. as the adjoint 

T]°\T]j = '^{tjx\^{X,B)t]) 

X 

to the bounded operators k {B) : mapping the pairs ij = rj (B p' 

into the equivalence classes r]° (B) = k (B) 77 + fc, (B) rj* of {Sz (B) 'n)zG 3 ^ where 
Sz (B) = 1 if B = Z, otherwise 6z (B) = 0. Let us define a linear operator j [B) 
on n° by 

j{B)Y,{k{Z)r^ + k,{Z)r^-)=Y: {k (BZ) r]-k{B)Zr] + k, (BZ) p'). 
z z 

Obviously j (XB) = j {X)j {B), j (/) = I because k{T) = 0 and as follows from the 
definition of the dissipation form, j (B)^ = j (Hf) for all B G B. Thus j is a unital 
f-representation, A: is a (j, ij-cocycle, and k, [B) = j {B)L°, where L° = k, (I). 
Moreover, as 

J {b'’B) + B"^(I) B = B^j{B)-Bj{B^)B-Bk{B)^ k{B), 

= k,{B)^k,{B), 

7 . (HtH) - Hty. (H) = fc(H)^fc.(H)= 7 *(HtH)t- 7 '(H)^H, 

the property (13.XII is fulfilled, L*j {B) L° = 7 * {B) with L* = A:* (J) = L°,\ and 
7. (Ht) = k {B)^ LI + B^Lf = 7* (By , 
where L 7 = 7, (/), = 7 * {I) = L~\ 

The proof of the implication (ii)=>(iii) can be also obtained as in ^S! by the 
explicit construction of £ as ©TL with the indefinite metric tensor G = 

given above for fj,,v = —,o,+, and D = 7 ( 1 ). The unital b-representation 
J = [j'iTZZyX of ^ on £ : 

j(Xtz) =j(X)'j(Z), j{I) = I 
withj(H)^ = G-ij(H)tG=j(Ht) is given by the components 

(3.10) Jo=© f+ = k, 3o=k*, jf=l, jZ=i=jX 
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and all other = 0. The linear operator L : H 0 ^ where H* — H® C'^, 

can be defined by the components (L^, Li^), 

L- = 0, L° = 0, L+ = /, L- = {L-), Ll = {Ll), L+= 0, 
and = (^ Q = Ll\ L\ = Then l}jh = 


( 0 L- 

0 l: 
V 1 0 


i k* I 
0 j k 
0 0 i 


0 L- 
0 L° 
1 0 


I + Di k*L°+iL^ \ _ 

Llk + LljLl )-^ 


In order to prove the implication (iii)=>(iv), it is sufficient to show that the 
vectors £, = are positive, > 0 if = 

0. But this follows immediately from the observation J (^) = 

Sb ^Vb = 0 such that the indefinite metrics Id.411 is positive, (^|5) = ||^°||^ > 0 in 
this case. 

The final implication (iv)=J>(i) is obtained as the case rjj = — J2 b^i ^Vb of 
Y^bBtIb =0. I 


4. The Structure of the Bounded Filtering Generators. 

The structure El of the form-generator for CP cocycles over B = B (H) is 
a consequence of the well known fact that the derivations k, k* of the algebra 
B (H) of all bounded operators on a Hilbert space H are spatial, k (B) = j (B) L — 
LB, k* (B) = L^j (B) — BL\ and so 

(4.1) = \ ^ ’ 

where = H is a. Hermitian operator in Ti.. The germ-map 7 whose components 
are composed (as in (lO) ') into the sums of the components (p^ of a CP matrix 
map (f : B ^ B ® M (C'^+^) and left and right multiplications, are obviously 
conditionally completely positive with respect to the representation t in (4). As 
follows from the dilation theorem in this case, there exists a family L_ = L = 
L+, Ln = T°, n = of linear operators '■ LL ^ 'H°, having adjoints 

L^^-.'H° ^Ti. such that (B) = Lj^^j {B) L^. 

The next theorem proves that these structural conditions which are sufficient for 
complete positivity of the cocycles, given by the equation El. are also necessary 
if the germ-map 7 is w*-continuous on an operator algebra B. Thus the equation 
El for a completely positive quantum cocycle with bounded stochastic derivatives 
has the following general form 

d 

d<P,{B) + cl,,{K^B + BK-Yj{B)L)dt= ^ {lIj (B) L,, - B6^) dA^ 

m,n—l 


d d 

(4.2) + ^ {lIj {B)L- KlB) dA+ + ^ {Y 3 {B)L^-BK^) dA" , 

m—1 n—1 

generalising the Lindblad form ca. for the norm-continuous semigroups of com¬ 
pletely positive maps. The quantum stochastic submartingale Mt = 4>t d) is defined 
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by the integral 


Mi 


+ r^AD)ds = I+ 

-'0 Jo ^ ^ 


C) dA 


m 

n 


(4.3) + fiz^s {LlL - Kl) dA+ + {L^Ln - K^) dAO. 

do rn=l do 

If the space /C can be embedded into the direct sum 7f(E)C'^ = 7f©...©?fofd 
copies of the initial Hilbert space H such that j (B) = {B6^), this equation can 
be resolved in the form (j>t{B) = F}BFt, where F = {Ft)^^Q is an (unbounded) 
cocycle in the tensor product B ® F with Fock space T over the Hilbert space 
© I? (K+) of the quantum noise of dimensionality d. The cocycle F satisfies the 
quantum stochastic equation 

d d d 

(4.4) dFt + KFtdt= ^ {Ll^- 161,) FtdA: + Y,L^FtdA+ -Y,KnFtdA1, 

i,n—l i—1 n—1 


where LI, and L* are the operators in H, defining 

d d 

(4.5) ^^{B) = ^{B)=Y,V^BL^ 


2=1 

d 


2=1 

d 




{B) = Y.^1BL\ = 


with LA= K + iff if Mt is a martingale {< K + KHi submartingale) . 


Theorem 3. Let the germ-maps 7 of the quantum stochastic cocycle (j) over a 
von-Neumann algebra B be w*-continuous and bounded: 

(4.6) 


< 00 , 


Il7.ll = 



= 117*11 < 00 , hill = h! (d)|| < cx), 


where hll = sup{|| 7 (-B)|| : ||H|| < 1}, hi (d)|! = sup{(? 7 *, 7 : (I)??*) |h*ll < 1} 
and (fi be a CP cocycle, satisfying equation with (Pq{B) = B and normalized 

to a submartingale (martingale). Then they have the form id.,‘-11} written as 

(4.7) j{B) = cp{B)-L{B)K-Kh{B) 

with if = ip^ = (p~ and (p'^ = 7 ^^, composing a bounded CP 

map. 

(4.8) v=(;. ));) 

with arbitrary K', Kl, and K + W > (fi {!). The equation has the unique CP 
solution , satisfying the condition 4>g (I) < Cs [4>t (d)] for all s <t (4>g (/) = Cs [4>t (d)] 
if K + W = ifi ll))- 
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Proof. The structure 63 for the CP component 7 J was obtained as a part of 
the dilation theorem in the Stinespring form 7 * (i?) = L\j (B) L, = (pi {B), where 
L, = L°. In order to obtain the structure for the bounded germ-maps 7 , 

and 7 *, we can take into account the spatial structure k (B) = j (B) L — LB of a 
bounded (j, z)-derivation for a von-Neumann algebra B with respect to a normal 
representation j of B and i (B) = B. Then 

7 . {B) = k* (B) LI + BL- = L^j (B) L°, - B {L^L°, - L 7 ) = L^j (B) L. - BK„ 

where L+ = L,K, = L^L^ — L~. Hence 7 , {B) = p, (B) — BK,,"/’ {B) = p* (B) — 
K*B = "il{B), where K' = Kl,p* (B) = L\j{B)L = pl{B), such that the 
matrix-map p (B) = {L^j (B) L^)'^~~’l with L~ = L\ L* = l\ is CP. Taking into 
account the form EH of the coboundary I (B) = 7 {B) — DB which is due to the 
spatial form [iH + ^D, H] of the bounded derivation I (B) — ^ {B) + k* {B) L) 

on one can obtain the representation 

7 (B) = i (Lt/c (s) + k* (B) L + DB + BD) +i[H,B]=p (B) - BK - K'^B, 

where p (B) = L^j (B) L, K = iH + i {]JL — . 

The existence and uniqueness of the solutions (pf {B) to the quantum stochastic 
equations (lOl with the bounded generators Xf (B) = 7 ^ (B) — BSf and the initial 
conditions (B) = H in an operator algebra B was proved in 1201. The positivity 
of the solutions in the case of the equation llOl . corresponding to the conditionally 
positive germ-function ( 021 ), can be obtained by the iteration 

(B) = V^BVt + [pf (P; (s) BVt is))) dA;, (B) = B 

of the quantum stochastic integral equation 

(4.9) p, iB) = V^BVt + £ </., [Pt (P/ (s) BVt (s))) dA)), 

with Pf (B) = pi) (B) - B6f. Here P* = Vt (s) P* with P* (s) = T^VtsTs shifted 
by the co-isometry Tg in P, is the vector cocycle, resolving the quantum stochastic 
differential equation 


d 

(4.10) dPt -b KVtdt + KmVtdAf) = 0 

m—1 


with the initial condition Pq = / in 7i. The equivalence of (lOl and (I4.9II . (14.1011 is 
verified by direct differentiation of 114.911 . In order to prove the complete positivity 
of this solution, one should write down the corresponding iteration 

(/*, B, h-) = V^BVt + l^f (s)t </>(") (^r,p (p/ is) BVt (s)) , h-) h is) ds, 

of the ordinary integral equation for the operator-valued kernels of coherent vectors, 
defined in (ITtIi . Here g (s) = 1 © g* (s) such that 


EE (A 

f,h 


Pt {r,X^Z,h') il) = Y {XVtiix\ZVtilz) 

x,z 


+ [ (s) \^s (/% P (Xz) , V) (s)^ , 

X,Z f,h ' 
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where rj^ = V% (s) = J2g(s) ^b®9 (s)- Then the CP property for 

immediately follows from the CP property of < t and of tp. The direct 

iteration of this integral recursion with the initial CP condition (B) = B gives 
at the limit n —>■ oo the minimal CP solution in the form of sum of n-tupol CP 
integrals on the interval [0,t]. | 
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